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Abstract
The theory of the diffusion limited electrochemical nucleation and growth of a deposit consisting of isolated 3D hemispheri-
cal nuclei has been re-analysed. The analysis focuses on a widely discussed model which assumes formation of “diffusion 
zones” around the growing nuclei. It has been proposed in the literature that the deposit-free fraction of the surface area of 
the substrate can be directly calculated from the substrate coverage with the “diffusion zones”. The aim of this work is to 
analyse whether such an approach can be applied for the growth of isolated 3D hemispherical nuclei. This is accomplished 
by evaluation of equations which describe nuclei radii at various stages of the deposition process. The formulae allow  
determining the substrate surface coverage with the growing deposit. This, in turn, allows simulating and analysing faradaic 
currents due to other than the electrodeposition reactions which take place at the deposit-free fraction of the substrate surface. 
Both instantaneous and progressive modes of the nucleation are discussed and the influence of the nucleation type on the 
faradaic currents is outlined. A comparison with other approaches reported in the literature indicates that the deposit-free 
fraction of the substrate surface may not always be determined by means of recalculation of the substrate coverage with the 
“diffusion zones”.
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Introduction

Formation of a new phase via electrochemical deposition is 
a well-recognised process frequently analysed by electro-
chemists. It often follows nucleation and growth mechanism  
and there are numerous papers, which deal with its math-
ematical description [1–15]. One of the frequently applied 
models assumes formation of 3D hemispherical nuclei  
which growth is limited by diffusion of the electroactive 
species from the bulk of the electrolyte [1, 2, 16, 17]. An 
analysis of the electric current recorded during potentiostatic 
electrodeposition seems to be relatively simple as long as 
the plating process is not accompanied by other faradaic 

reactions which take place at the electrode studied. Dep-
osition of numerous metals and alloys is, however, often 
accompanied by other faradaic reactions, including hydrogen 
evolution reaction, HER [18–34]. The latter may take place 
at the surface of the growing deposit [18, 24, 26–29, 35, 36], 
at the surface of the substrate free from the deposit [37–39] 
or at both [31, 40, 41]. A proper analysis of the electric cur-
rents recorded for such systems requires determination of the 
substrate surface coverage with the deposit and/or the real 
surface area of the latter.

A mathematical model, describing total measured electric 
current in a system where electrodeposition of the metal is 
accompanied by HER which occurs at the surface of the 
deposit was introduced in [18]. This approach was subse-
quently used in analysis of numerous systems, including 
those where faradaic reactions other than HER take place 
parallel to the deposition [26–29, 35, 36, 42–49]. This 
approach focuses on determination of the real surface area of 
the growing deposit and is applicable when catalytic activity 
of the substrate towards the hydrogen evolution is insignifi-
cant as compared to the deposit. Such substrates may include 
carbon-based materials with high HER overpotentials [18, 

 *	 M. Grdeń 
	 mgrden@chem.uw.edu.pl

 *	 M. Próchniak 
	 mmieszkowska@chem.uw.edu.pl

1	 Faculty of Chemistry, University of Warsaw, Pasteura 1, 
Warsaw 02‑093, Poland

2	 Biological and Chemical Research Centre, University 
of Warsaw, Żwirki i Wigury 101, Warsaw 02‑089, Poland

http://orcid.org/0000-0002-5208-5822
http://orcid.org/0000-0002-2326-5242
http://crossmark.crossref.org/dialog/?doi=10.1007/s12678-022-00771-1&domain=pdf


	 Electrocatalysis

1 3

26, 43, 47]. Systems with the substrate activity towards HER 
or other faradaic reaction significantly higher than the activ-
ity of the deposit are less common but not unlikely [37–39, 
50, 51]. A mathematical description of the currents recorded 
under such conditions was discussed in [37–39]. This is a 
modification of the approach introduced in [18] and includes 
the problem of determination of the substrate surface area 
free from the deposit.

In this manuscript, we re-analyse a system where a far-
adaic reaction takes place on a substrate surface simulta-
neously to the electrodeposition process. A mathematical 
analysis of well-known equations describing the nucleation 
and growth process [2, 16, 17] is reported. It is aimed at 
determination of the radii of the growing nuclei, and, conse-
quently at calculation of the substrate surface coverage with 
the deposit. The latter parameter allows calculating currents 
originating from other than the electrodeposition faradaic 
reactions which take place at the deposit-free surface of the 
substrate at the same time as the plating process.

Mathematical Analysis and Discussion

General Considerations

The model in question assumes potentiostatic formation 
and growth of isolated 3D hemispherical nuclei which are 
fed by mass fluxes driven by diffusion from the bulk of 
the electrolyte [1, 2, 10, 16, 17, 52, 53]. For the sake of 
simplicity, we do not consider adsorption, surface diffu-
sion and aggregation of the ad-atoms formed during the 
electrodeposition [54–61]. We also disregard kinetic control 
of the deposition process at its very early stages [62–64]. 
In the following section of the text, we refer to Eqs. (1)–(9) 
which are already well known and which have been derived 
and introduced many years ago by other authors (e.g. [2, 
16, 17]). Therefore, the text does not contain derivation 
of such equations and the reader is referred elsewhere for 
details (e.g. [2, 16, 17, 65–67] and Supplementary informa-
tion file). Here, we focus on the aspects most important in 
discussion of the equations.

It is assumed that the early stages of the process of  
the growth of the nuclei are controlled by mass transport 
from the electrolyte which is described by spherical dif-
fusion flux, Js, [2, 16, 17, 68]. Such an effect is observed 
for isolated 3D nanoparticles [69]. Under such condition, 
the radius of the isolated nucleus is given by a well-known 
Eq. (1) [2, 17, 66, 67] (Sects. S1–S3 in the Supplementary 
information):

(1)r�h =

(
2MDct

�

)1∕2

= (at)1∕2

where D is the diffusion coefficient of the electroactive spe-
cies which concentration in the bulk of the electrolyte is 
equal to c. M and ρ represent molar mass and density of 
the newly formed phase, respectively. This equation predicts 
development of the radius according to t1/2 law, in agree-
ment with diffusion limited growth of the isolated nucleus 
[8, 10, 14, 18, 62, 66, 70–78]. In order to distinguish rh 
values determined by various equations, this parameter is 
marked with a roman number, depending on the determina-
tion method.

It is further assumed [2, 4, 16, 17, 79] that Js must be 
equal to a respective linear diffusion flux under planar 
geometry conditions, Jp. The latter represents the mass 
flow across a flat plane parallel to the electrode surface. 
This plane is referred to as “diffusion zone” or “depleted 
zone” [2, 9, 10, 17, 61, 62, 73, 76, 79–82] and its area is 
equal to Ap. Jp supplies mass to the isolated nucleus with 
the same rate as the spherical diffusion flux, according to 
Eq. (2) [1, 2, 16, 17, 79, 83] (Sect. S1 in the Supplementary 
information):

where Ah denotes the surface area of the hemispherical 
nucleus exposed to the electrolyte. When Jp is given by the 
Cottrell Eq. (3) [84] one obtains another well-established 
Eq. (4) [2, 16, 17, 65] (Sects. S2–S3 in the Supplementary 
information) which shows variation of the “diffusion zone” 
radius, rp, with time:

It is important to stress that rh and rp represent two 
separate parameters: rp is always higher than rh [85] due 
to the fact that the former represents a “flat” plane which 
experiences the same mass transport as the hemisphere 
with the radius of rh and area of Ah [2, 16, 17].

The electric current due to formation and growth of N0 
isolated nuclei at a constant applied potential, Idep, is given 
by Eq. (5). It represents the Cottrell equation corrected for 
the electrode surface coverage with the “diffusion zones”, 
θd [2, 7, 17, 86]:

where A is the electrode surface area. Determination of 
θd was discussed extensively in many papers [1, 2, 16, 
76, 87–89]. It is assumed that θd cannot be considered as 
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an algebraic sum of Ap because the “diffusion zones” are 
expected to overlap [2, 9, 16, 76, 79, 82, 86, 90]. This prob-
lem was addressed by application of the Avrami theorem 
[1, 2, 16, 17, 82, 87, 88, 91–95] and by introduction of the 
idea of the “expectation number”, E, or the “extended sur-
face coverage” (“extended area”) [2, 5, 16–18, 51, 64, 71, 
76, 83, 86, 88, 89, 93, 96–99]. E mirrors the probability 
of covering of a certain point at the electrode surface by 
the “diffusion zones” while the “extended area” represents 
the electrode surface coverage with the “diffusion zones” 
when they do not overlap [5, 17, 64, 71, 79, 83, 98, 100]. 
These two approaches may lead to substantially the same 
final result [5, 97, 101].

When the nucleation rate is given by Eq. (6) [1, 2, 7, 9, 
16, 17, 64] one obtains Eq. (7) [1, 2, 16, 17] (Sect. S4 in the 
Supplementary information):

where g is the nucleation rate, N represents the density of 
active sites available for the nucleation while N0 stands for 
the maximum number density of the nucleation centres. 
Both N and N0 are given in respect to the substrate area. The 
θd is then given by Eq. (8) [71, 73, 79, 81, 96, 100]:

(6)1 − N = N0(1 − exp (−gt))

(7)E = �N0b

(
t −

1

g
+

exp(−gt)

g

)

(8)�d = 1 − exp (−E)

Instantaneous Nucleation

Instantaneous nucleation takes place when the nucleation 
rate in Eq. (6) is infinitely high (g → ∞) [1, 7, 16, 96, 100]. 
All the nuclei were “born” at the same time of t = 0 and their 
number, expressed as a density per surface area unit, N0, 
remains unchanged since then. Consequently, all the nuclei 
are expected to have the same average radius of rh at a given 
time of t [102]. It is worth to note that one of the advantages 
of the instantaneous nucleation approach lies in the fact that 
all the nuclei are of the same age and, consequently, thick-
nesses of their diffusion layers are the same as well [1, 76, 
101].

For the instantaneous nucleation case the “expectation 
number” can be simplified to the following equation (Eq. 
(9)) [71, 73, 79, 81, 96, 100]:

A combination of Eqs. (5) and (9) gives Eq. (10) [7, 73, 
76, 79] which predicts the deposition current with a well-
known shape of a highly distorted peak:

The Idep and θd values calculated using Eqs. (9) and (10) 
are plotted in Fig. 1. The values of the parameters used in 
the calculations are listed in Table 1. We assume typical 
values of N0 [7, 17, 77, 103] and D [9, 18, 22, 77, 84, 103]. 
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)
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Fig. 1   Top panel: the substrate 
surface coverage with the 
“diffusion zones”, θd, calcu-
lated with Eqs. (9) and (26) 
for the instantaneous and for 
the progressive nucleation, 
respectively. Bottom panel: 
nucleation and growth current, 
Idep, calculated using Eq. (10) 
(instantaneous nucleation) and 
a combination of Eqs. (26) and 
(27) (progressive nucleation). 
The inset in the bottom panel 
shows a comparison of Idep with 
the current given by the Cottrell 
equation for semi-infinite diffu-
sion across a plane with the area 
equal to the electrode surface 
area (Eq. (3)). Table 1 lists the 
values of the respective param-
eters used in the calculations
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Figure 1 shows that at a sufficiently long time, all the “diffu-
sion zones” can be considered merged (θd approaches unity). 
A continuous plane depleted with the electroactive species 
and with the area equal to A is formed [2, 69]. Since then, 
the current can be approximated by semi-infinite linear dif-
fusion across this continuous plane (Eq. (3)) [1, 2, 17, 18, 
52, 54, 69, 76, 89, 100] (inset in Fig. 1). It is worth to note 
that θd tends to unity asymptotically (Eqs. (8) and (9)) and 
selection of the time point for which the “diffusion zones” 
can be considered as completely merged is always somewhat 
arbitrarily.

Determination of the substrate coverage with the deposit 
requires knowledge on the proper value of the nuclei radii. 
It is then interesting to evaluate whether Eq. (1) properly 
represents the true nucleus radius. Integration of Idep allows 
determining the average value of the radius of N0 completely 
isolated nuclei whose growth generates the flow of the  
current given by Eq. (10) [61, 88, 104]. For the hemispheri-
cal nuclei, this yields the following Eq. (11) (cf. [105]):

where Q(t) is the charge obtained from the integration of 
the current while rh denotes the average radius determined 
exclusively using Eq. (11). Validity of the approach repre-
sented by Eq. (10) was confirmed experimentally by numer-
ous works (e.g. [17, 18, 21, 50, 53, 58, 72, 100, 106–110]).

Figure 2a plots rh values as a function of time together 
with r'h calculated with Eq. (1). The rate of the nucleus 
growth decreases with time, in agreement with other works 
(e.g. [13, 52, 88, 103, 111–113]). It follows then that r'h 
correctly mirrors rh values only at a very short deposition 
time. At longer deposition time the radius expressed by Eq. 
(1) becomes significantly higher than the one given by Eq. 
(11). This effect is attributed to the overlap of the “diffu-
sion zones” and interaction between nuclei (“collisions”) 
[88]. The extent of the latter depends on the nuclei shape 
(hemispherical or ellipsoidal) [88]. It leads to a change in 

(11)rh =

(
3Q(t)M

2zN0F��

)1∕3

Table 1   The parameters used 
in calculations of the nucleus 
radius, electric currents and 
the substrate surface coverage 
with the deposit and with the 
“diffusion zones” presented in 
Figs. 1, 2 and 4, 5, 6, 7, 8, 9

Parameter Symbol Input value

Diffusion coefficient of the reagent (diffusion in the electrolyte) D 1.5·10−5 cm2 s−1

Bulk electrolyte concentration of the species to be deposited c 0.0035 mol l−1

Geometrical surface area of the electrode A 1 cm2

Density of the nucleation centres (nuclei) N0 108 cm−2

Bulk density of the deposited material ρ 8.9 g cm−3

Molar mass of the deposited material M 58.9 g mol−1

Number of the electrons exchanged in the electroreduction reaction z 2
Current density of the faradaic reaction parallel to the electrodeposition jother 1.5 mA cm−2

Nucleation rate (progressive case) g 0.01 s−1

Fig. 2   a The average nucleus radius calculated using Eq. (11) (rh) and 
Eq. (1) (r'h) as a function of time (bottom abscissa axis) and θd (top 
abscissa axis). Note that θd tends to unity asymptotically (Eq. (9)) 
and selection of the point at which the coverage can be considered as 

equal to unity is arbitrarily. b The same as a but in the double loga-
rithmic scale. The parameters used in the computations are listed in 
Table 1
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the mathematical law which governs the nucleus growth 
(Fig.  2b). It is important to note that such an effect is 
observed well before complete merging of the “diffusion 
zones” (θd < 1) (cf. upper abscissa axis in Fig. 2a). Experi-
mental results [72, 111] and simulations [77, 78] show a 
similar evolution of the nuclei growth kinetics for electro-
deposition processes. Such an effect was reported also for 
galvanic displacement deposition of metals on semiconduc-
tors [114].

The time-dependent difference between rh and r'h values is 
explained by the fact that Ap used in derivation of Eq. (2) is not 
corrected for the overlap of the “diffusion zones” and nuclei 
[88]. In order to maintain the mass supply predicted by Eq. (2), 
the mass flow across the areas where n “diffusion zones” over-
lap must be n times higher than for non-overlapping “diffusion 
zone”. Thus, the mass fluxes across the light grey and the dark 
grey areas in Fig. 3 should be twice and three times as large as 
the flux across the non-overlapping sections of the “diffusion 

zones”, respectively. This, however is not possible because the 
mass flux across Ap is limited by the semi-infinite diffusion 
and cannot be higher that the one resulting from the respective 
concentration gradient. After overlapping the “true” Ap value 
across which the mass is supplied to a given nucleus with the 
rate predicted by the Cottrell equation is smaller than the value 
calculated using Eq. (4). As a consequence, the “true” linear 
diffusion flux across the “diffusion zone” with the area equal 
to the “true” Ap value is too small as to maintain the r'h growth 
given by a combination of Eqs. (1) and (2) [52]. The overlap 
is insignificant only at the early stages of the deposition pro-
cess, when the “diffusion zones” radii are very small. It was 
assumed that for θd approaching unity, the nuclei growth is no 
longer proportional to t1/2 [62, 73, 74] and the nucleus radius is 
expressed as a function of t1/6 [7, 18, 52, 75, 111, 114].

In order to better understand difference between Eqs. (1) 
and (11), we analyse the mass flows which feed a separate 
nuclei. At the beginning of the deposition process the nuclei 

are so small that they are completely isolated and no interac-
tion between them needs to be considered [88]. As a result,  
they are considered as perfectly hemispherical and distortion 
from such shape due to the nuclei interaction [88, 93] is dis-
regarded. We assume that each of the nuclei “owns” its own 
fraction of θd across which the mass is supplied exclusively to 
the given nuclei, θ'd. θ'd grows with time simultaneously to rh 
and is given by Eq. (12):

The mass flux which passes across θ'd represents the aver-
age mass flow which may feed single nucleus. This flux is 
driven by linear semi-infinite diffusion (planar geometry) 
which is given by the Cottrell equation (Eq. (3)). By anal-
ogy with Eq. (5), one may equalise growth of mass of the 
hemispherical nucleus, m, with the mass supply given by a 
combination of Eqs. (3) and (5). This leads to Eq. (13):

We denote the radius determined using Eq. (13) as r''h.
Separation of variables and subsequent integration of Eq. 

(13) yields Eq. (14) and, consequently, Eq. (15) which shows 
variation of the average value of r''h with time:

where erf is the error function [115]. Substantially the same 
type of equation can be obtained by integration of Eq. (10) 
but, in our opinion, the approach based on Eqs. (13)–(15) 
better explains why Eq. (1) cannot mirror properly the 
nucleus radius. The above equations indicate that at longer 
time the nuclei growth deviates from t1/2 law predicted by 
Eq. (1), in agreement with [88]. The respective r''h values are 
plotted in Fig. 4 together with rh. The figure clearly shows 
that r''h approximates rh values much more accurately than 
r'h calculated with Eq. (1) (cf. Fig. 2).

At a sufficiently long time, tm, the “diffusion zones” 
become completely merged, and form a continuous 
“depleted” plane with the area equal to the area of the elec-
trode, A (θd approaches unity, Fig. 1 and Eq. (9)). Under such 
conditions, the areas of the “depleted zones” cannot grow 
further and, consequently, θ'd reaches its maximum value and 
becomes time independent. Equation (15) is still applicable 
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Fig. 3   Sketch of the overlapping “diffusion zones”
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but its use is somewhat complicated by the need of use of the 
error functions. Therefore, another equation which is valid 
at deposition time sufficiently long as to assume complete 
merging of the “diffusion zones” is proposed below.

It is assumed that after complete merging of the “diffu-
sion zones” the total mass flux across the plane with the area 
of A must be “split” into individual mass fluxes which sepa-
rately feed each of the isolated nuclei. We also assume that 
under such conditions each of the growing nuclei “owns” its 
own fraction of the area of A, AN, equal to N0

−1. The latter is 
a time-independent value and replaces time-dependent θ'd in 
Eq. (13) at t > tm. This indicates a transition in the nucleus 
growth kinetics when the time approaches tm, in agreement 
with [18]. The mass gain, dm, of a single nucleus due to 
linear diffusion in a time window between tm and t > tm is 
given by Eq. (17) which comes from integration of Eq. (16):

The above equations account for the concentration profile 
developed between t = 0 and t and represent a difference 
between the two mass gains: the one between t = 0 and t 
> tm (B·t1/2) and another one between t = 0 and tm (Btm

1/2). 
The first of them shows what the mass gain would be at t > 
tm if the process was controlled by linear diffusion from the 
beginning. Or, in other words, if the mass flux computed 
using Cottrell Eq. (3) for the area of AN was applicable start-
ing from t = 0. The same conditions are applicable to the 
second term of Eq. (17) except the time window which spans 
from t = 0 to tm. The difference between these two terms 

(16)dm =

t

∫
tm

ANMc
(
D

�t

)1∕2

dt
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2ANcMD1∕2t1∕2

�1∕2
−
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1∕2

�1∕2
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shows the mass gain at t > tm when the process is described 
by linear diffusion across AN. The nucleus volume, V, at t > 
tm is then given by Eq. (18):

where r'''h denotes the average nucleus radius at t > tm while 
V0 stands for the nucleus volume developed at time window 
which spans from t = 0 to t = tm. Thus, the V0 mirrors the 
mass deposited until tm is reached, i.e. before Eq. (17) can 
be applied and before the “diffusion zones” can be consid-
ered as completely merged. The respective V0 value can be 
computed using r''h given by Eq. (15). A rearrangement of 
Eq. (18) yields the following relationship between r'''h and 
time, valid for t > tm (Eq. (19)):

where k is a parameter equal to difference between V0 and 
Btm

1/2/ρ. The r'''h growth mirrored by Eq. (19) slightly vio-
lates from the t1/6 law predicted by other authors [7, 18, 111] 
but the difference vanishes with time when the first term in 
the brackets becomes dominating over k (inset in Fig. 4). The 
tm value can be determined as a time at which the current 
predicted by the Cottrell Eq. (3) overlaps the current profile 
given by Eq. (10) (Fig. 1, inset in the bottom panel). This 
judgement, however, is always somewhat arbitrary and k in 
Eq. (19) can be considered as a fitted parameter. Figure 4 
shows r'''h obtained by fitting rh (Eq. (7)) with Eq. (19). It 
follows that the latter equation correctly approximates the 
average nucleus radius given by Eq. (11). An analysis of the 
fitted parameter k shows that the transition from the nucleus 
growth law given by Eq. (15) to the regime expressed by Eq. 
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Fig. 4   The average nucleus 
radius calculated using Eq. 
(11) (rh), Eq. (15) (r''h for θd 
< 0.998) and Eq. (19) (r'''h 
for θd > 0.998). Right panel: 
magnification for short deposi-
tion time, the parameters used 
in the calculations are collected 
in Table 1. Inset in the left panel 
(double logarithmic plot): a 
comparison of r'''h (Eq. (19)) 
with the “true” t1/6 law (solid 
blue line, calculated with Eq. 
(19) but for k = 0)
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(19) takes place for θd of ca. 0.998 and a time of ca. 0.056 s 
(calculated for the parameters listed in Table 1).

The Electrode Surface Coverage with the Deposit 
Under Instantaneous Nucleation Conditions

The average radius of the nucleus obtained from the numeri-
cal integration of the current profile, rh (Eq. (11)), can be 
recalculated into the electrode surface coverage with the 
deposit, θh, using Eq. (20):

When N0 is expressed as the number of the nuclei per the 
surface area unit, the above equation yields a dimensionless 
value of θh. Derivation of Eq. (20) is based on an assump-
tion that the electrode surface area covered with the deposit  
is equal to the algebraic sum of the areas of the bases of N0A 
isolated hemispherical nuclei. It is important to stress that 
this approach does not include effects of the nuclei overlap. 
Such an overlap, however, can be considered unimportant 
at early stages of the deposition process when the nuclei are 
relatively small and the probability of their overlap is very 
small as well [18, 70, 116]. Consequently, the surface cover-
age with the deposit containing the nuclei with the average 
radius of r''h (Eq. (15)), θ''h, at t < tm can be approximated 
by Eq. (21):

Equation (21) is valid for a short deposition time and, 
similarly to Eq. (20), does not include overlapping of the 
nuclei. Probability of the latter effect increases with the 
nuclei growth time [117] and randomness of the nuclei dis-
tribution [88]. When the nuclei are ordered in a lattice, the 
overlap effects are absent as long as distances between the 
islands are higher than the double of their radii. This work 
analyses random nuclei distribution for which the overlap 
is expected to take place earlier than for ordered systems 
although at the very beginning of the process its importance 
is negligible [88]. The overlapping nuclei form “merged” 
structures [6, 16, 71, 118, 119] which may contain distorted 
hemispheres. The bases of such hemispheres are smaller 
than those for isolated ones. Therefore, the “true” value 
of θh decreases when the extent of the nuclei overlapping 
increases.

At this point, it is worth to compare the effect of the nuclei  
overlapping with discussed earlier overlapping of the 
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“diffusion zones”. The radii of the “diffusion zones” grow 
with time and at one point, the sum of the areas of the 
“zones” exceeds the electrode surface area. This leads to 
unrealistically high mass flux towards the electrode which is 
corrected by introduction of the overlapping idea. The latter 
approach allows determining the realistic, “true” mass flux 
and, consequently, leads to the equation which expresses the 
electrodeposition current (Eq. (10)). In contrast to the “diffu-
sion zones”, the analysis of the nuclei overlap is conducted 
by an assumption that the mass flux towards the electrode is 
governed solely by Eq. (10) and is independent on the extent 
of the nuclei overlap. In other words, all mass supplied to 
the electrode by the flux expressed by Eq. (10) must be con-
verted into the deposit regardless of the nuclei arrangement 
and overlap. As a result, the overlap of the “diffusion zones” 
is calculated using the “zone” radii as it would be without 
the overlapping (Eq. (3)) while for the nuclei itself their 
actual, mean radius value is used in the calculations. Such an 
approach allows determining nuclei overlap without changes 
in their volumes and masses.

The nuclei overlap leads to a change in the substrate sur-
face coverage with the deposit and affects shape and size 
of the nuclei. Thus, lateral growth of the nuclei at the over-
lapping interfaces is terminated but the growth in direction 
perpendicular to the electrode surface is expected to be 
continued. This results in a distorted shape of the overlap-
ping nuclei with radii departing from the mean value. The 
overlap is accounted for by assuming that Poisson statistics 

expresses probability that a point at the electrode surface is 
not covered by any of N0 2D circles [101, 120]. The latter 
are the bases of the hemispherical nuclei and their average 
radius grows with time according to Eq. (15) or (19). The 
“extended area”, θex, is given here by a ratio of sums of areas 
of the bases to the total electrode area [5, 101]. Thus, in 
contrast to the “diffusion zones” problem, the nuclei overlap 
approach is focused on the changes in the substrate cover-
age with the deposit while the overall mass flux remains 
unaffected. Validity of application of such approach to the 
overlapping nuclei generated under instantaneous nuclea-
tion conditions was confirmed in [101]. Similarly to Eqs. 
(S12) and (S13) in the Supplementary information, θex is 
calculated as an algebraic sum of the areas of the bases of 
the nuclei with the average radius of r'''h (Eq. (19)) [5, 97, 
101] and is expressed in respect to the electrode surface area 
of A. This yields Eq. (22):
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It is important to stress that for a given time, the θex and  
θh values are determined only by the respective current values  
of rh, r''h or r'''h. Consequently, the electrode surface cover-
age with the deposit containing overlapping hemispherical 
nuclei with the average radius of r'''h at t > tm is given by 
Eq. (23):

Here, we consider that the volume of the nucleus is inde-
pendent on whether it overlaps with other nuclei or grows 
completely isolated. This is caused by the fact that the whole 
mass transported to the electrode by the flux given by Eqs. 
(16) and (17) must be transformed into the deposit and this 
is independent on the extent of the nuclei overlap.

The fraction of the surface area of the electrode which is 
free from the deposit, θf, is given by Eq. (24) [81]:

where θx
h denotes θh, θ''h or θ'''h, depending on the method of  

the nucleus radius determination (the same nomenclature is 
applied also to θx

f). θ''f (Eqs. (21) and (24)) is calculated for 
θd < 0.998 while θ'''f (Eqs. (23) and (24)) is computed for θd  
> 0.998. Such calculated θx

f values are plotted in Fig. 5. As 
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expected, at a short deposition time, both θ''f and θ'''f prop-
erly approximate θf values. This indicates that under such 
conditions, the nuclei overlap can be considered insignifi-
cant. At a longer deposition time, the θ'''f becomes greater 
than θf and for the deposition time of 1 h (θf of 0.70), this 
difference reaches ca. 16%. This effect is attributed to the 
fact that, in contrast to θ'''f, the θf does not include overlap of 
the nuclei. Without the overlap both θ'''f and θf would have 
the same values, as follows from Fig. 4.

Progressive Nucleation

The progressive nucleation case (very low g values) is com-
plicated by the fact that the mass supply to a given nucleus is 
changed when a new nucleus appears in the substrate surface 
region covered by the “diffusion zone” of the older nucleus. 
The newly born nucleus takes over a fraction of the mass 
flux of the older one and this somewhat reduces rate of the 
growth of the latter. In order to simplify calculations, we 
assume that the growth of the number of the nuclei can be 
approximated by a linear equation used in [7, 17, 100] (Eq. 
(25)):

This leads to the θd given by Eq. (26) [100, 121]:

The deposition current is then given by Eq. (27):

Term 4/3 in Eq. (27) comes from an approach proposed 
in [76] for the progressive nucleation case and is aimed 
at equalisation of thicknesses of diffusion layers for the 
nuclei of various age [1, 76]. As it was shown in [76], the 
current given by Eq. (27) exceeds the one represented by 
the Cottrell equation [76]. The current and the substrate 
surface coverage with the “diffusion zones” calculated 
using Eqs. (26) and (27) are included in Fig. 1.

The mass supplied to the electrode in a time window 
of Δt is distributed between all existing nuclei, both the 
oldest ones (born at t = 0) and those recently born. The 
number of the nuclei existing at a time of t is given by Eq. 
(25) and the average mass gain of single nucleus during 
the time interval of Δt is represented by Eq. (28):
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Fig. 5   Fraction of the substrate surface free from the deposit from var-
ious methods of calculation. Left panel and instantaneous nucleation: 
θf: a combination of Eq. (24) with Eq. (20); θ''f and θ'''f: a combination 
of Eq. (24) with Eq. (21) (θd < 0.998) and Eq. (23) (θd > 0.998). Inset 
in left panel: magnification for short deposition time. Right panel and 
progressive nucleation: θIV

f and θV
f determined according to the “Pro-

gressive Nucleation” section. Table 1 collects the parameters used in 
the computations
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where ΔQ'(t) is the charge obtained from numerical integra-
tion of Eq. (27) for time window which spans from t-Δt to t. 
In reality, the mass gain varies with the nucleus and depends 
on its “diffusion zone” area which, in turn, is a function of 
the nucleus age and the extent of the “diffusion zones” over-
lap. Therefore, the approach given by Eq. (28) represents the 
mass gain close to that typical for the nuclei of an average 
age. The total mass, m, supplied to a nucleus born at time of 
u and counted up to time of t is equal to (Eq. (29)):

Consequently, its radius is given by Eq. (30):

It can be approximated that at a given time of t the sub-
strate surface is covered by a set of nuclei formed during 
each time interval equal to Δt. Average radii of these nuclei 
are given by Eq. (31):

where terms in the brackets represent the average radii of the 
nuclei, rIV

h (Eq. (30)), born within time windows given by 
the lower limits of the summation, i.e. lasting from 0 to Δt, 
from Δt to 2Δt etc. ΔN denotes number of the nuclei which 
are born within the same Δt interval. The topmost term 
shows the oldest nuclei while the bottom one represents the 
youngest nuclei. Equation (25) shows that ΔN is the same 
for all time windows of the same duration. Consequently, Eq. 
(31) presents a range of the radii of the nuclei which are pre-
sent at the substrate surface at given time equal to t. Owing 
to the fact that all ΔN are the same, one may calculate the 
average radius of the nuclei existing at given time of t, rIV

hav 
as an arithmetic mean of the radii given in the brackets in 
Eq. (31). These values are calculated in respect to the num-
ber of Δt intervals. Figure 6 shows time evolution of aver-
age rIV

h of the oldest nuclei, i.e. born at t = 0, over a time 

(28)Δm =
MΔQ�(t)

zFN0gt

(29)m =

t∑
u

MQ�(t)

zFN0gt

(30)rIV
h

=

(
3

2��

t∑
u

MQ�(t)

zFN0gt

)1∕3

(31)

ΔN nuclei born between u = 0 and u = Δt with the average radius of

�
3

2��

t∑
0÷Δt

MQ�(t)

zFN0gt

�1∕3

ΔN nuclei born between u = Δt and u = 2Δt with the average radius of

�
3

2��

t∑
Δt÷2Δt

MQ�(t)

zFN0gt

�1∕3

⋮

ΔN nuclei born between u = t − Δt and u = t with the average radius of

�
3

2��

t∑
(t−Δt)÷t

MQ�(t)

zFN0gt

�1∕3

period covering multiple Δt intervals (Fig. 6b); distribution 
of rIV

h of nuclei of all ages existing at an arbitrarily selected 
time (i.e. 1.5–620 s, Fig. 6a) and the nucleus radius averaged 
over all nuclei of all ages present at the electrode surface at 
given deposition time, rIV

hav (Fig. 6b). The latter plot was 
constructed on the basis of the same type of data as shown 
in Fig. 6a for various deposition times, given in the abscissa 
axis. The values of the parameters used in the calculations 
are listed in Table 1, the assumed g value is amongst the 
lowest reported in the literature [18, 121].

A comparison of Figs. 4 and 6 shows that under the pro-
gressive nucleation conditions, the rate of growth of single 
nucleus decreases with time faster than for the instantane-
ous case. This is caused by the fact that under progressive 
nucleation conditions, the mass transport towards a single 
nuclei is decelerated not only by expansion of the diffusion 
layers but also by the appearance of new nuclei which take 
over fractions of the mass flux supplying older nuclei. As a 
result, the radius averaged over all nuclei present at a given 
time at the substrate surface decreases with time after 
an initial increase (Fig. 6b). The rIV

hav shown in Fig. 6b 
allows calculating the electrode coverage with the deposit 
as a sum of areas of bases of non-overlapping hemisphe-
roids, θh

IV (cf. Eq. (20)). The latter value may be used for 
calculation of θex in Eqs. (S12) and (S13) [5, 97, 101] lead-

ing to the overlap-corrected coverage θh
V. Consequently, 

the deposit free fraction of the substrate surface, θIV
f and 

θV
f, can be determined using Eq. (24). These values are 

plotted in Fig. 5. Due to continuously growing number of 
the nuclei the deposit-free fraction of the substrate surface 
in the progressive nucleation decreases faster than for the 
instantaneous case. This is independent on whether the 
nuclei overlap correction is applied or not.

Faradaic Reactions Taking Place at the Deposit‑free 
Fraction of the Surface

Knowing the electrode surface coverage with the deposit 
one may calculate the current originating from a faradaic 
reaction, which takes place at the section of the electrode 
surface, which is free from the deposit, Iother. This reaction 
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occurs parallel to the electrodeposition process and the total 
current measured for such a system, Itot, is expressed by Eq. 
(32):

where jother is the current density of other than the electro-
deposition reaction at a given potential value while Idep is the 
electrodeposition current given by Eq. (10) (instantaneous 
nucleation) or Eqs. (26) and (27) (progressive nucleation). 
θx

f in Eq. (32) stands for θf, θ''f, θ'''f, θIV
f or θV

f and is given 
by a combination of Eq. (24) with Eqs. (20), (21) or (23)  
for the instantaneous case while for the progressive nuclea-
tion is calculated according to the description in the “Pro-
gressive Nucleation” section. Similarly to Fig. 4, the θ''f and 
θ'''f are calculated for θd < 0.998 and for θd > 0.998, respec-
tively. The respective plots showing all components of the 
measured electric current are shown in Fig. 7a (instantaneous  
nucleation) and Fig. 7b (progressive case). It follows that 

(32)Itot = Idep + Iother = Idep + jotherA�
x
f

the progressive nucleation leads to a decay in Iother which is 
faster than for the instantaneous case. The contribution from 
Idep to the total measured current depends on the nucleation 
type. Initially, instantaneous Idep is significantly higher than 
the respective current under progressive nucleation condi-
tions. For both nucleation modes, the Idep decreases with 
time significantly faster than Iother and, for a sufficiently long 
deposition time, Iother strongly prevails over Idep.

Comparison with Other Approaches

An approach discussed in [18] assumes that the surface area 
of the growing deposit constituted of isolated 3D hemispher-
ical nuclei, S(t), can be calculated on the basis of the θd 
value, according to Eq. (33):

Fig. 6   a Distribution of rIV
h of nuclei of all ages existing at various 

deposition times (each rIV
h calculated using Eq. (30)). b Time evolu-

tion of the average radius, rIV
h, of the oldest nuclei (born at t = 0) 

calculated using Eq. (30) and average nucleus radius, r.IVhav, calcu-
lated for each deposition time as an arithmetic mean of Eq. (31). Left 
panel: magnification for short time. Data calculated using parameters 
listed in Table 1

Fig. 7   Currents due to the electrodeposition, Idep, due to the other fara-
daic reaction taking place at the substrate surface free from the deposit, 
Iother, (Eq. (32)) and the total current, Itot, (Eq. (32)). a Instantaneous 
nucleation: Idep from Eq. (10), Iother calculated using θ''f (Eqs. (21) and 
(24), θd < 0.998) and θ'''f (Eqs. (23) and (24), θd > 0.998). b Progres-
sive nucleation: Idep from Eqs. (26) and (27), Iother calculated using θV

f 
determined in the same way as for Fig. 5. Inset: magnification of Iother 
for short time, the parameters used in the calculations are collected in 
Table 1. Note axis breaks for the current and the time coordinates
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This approach was further developed by other authors 
with the aim to determine the fraction of the electrode sur-
face area free from the deposit. It was assumed that the latter 
can be calculated using Eq. (34) [37–39] or Eq. (35) [40, 
41]:

θVI
f and θVII

f values were obtained by combining Eqs. 
(34) and (35) with Eq. (9) (instantaneous nucleation) or 
with Eq. (26) (progressive nucleation). Such calculated 
values are plotted in Fig. 8 together with θf calculated for 
the instantaneous (Eqs. (20) and (24)) and for the progres-
sive case (“Progressive Nucleation” section). It follows 
that θIV

f and θV
f decrease much faster than θf for both the 

instantaneous and the progressive case. A comparison with 
Fig. 5 clearly shows that this difference cannot be attrib-
uted to the effect of the “diffusion zones” overlap only.

The θx
f values determined on the basis of Eqs. (34) and 

(35) allow calculating Iother and, consequently Itot, using Eq. 
(32). Such calculated currents are shown in Fig. 9 together 
with the current calculated using Eq. (32). The latter was 
determined using θ''f and θ'''f computed with Eqs. (21), (23) 
and (24) and using θ'''f determined as described in “Pro-
gressive Nucleation” section. All reported Itot values were 
calculated using the set of the parameters listed in Table 1. 
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Figure 9 clearly shows differences between the currents cal-
culated using θ''f and θ'''f and those determined using the 
deposit-free fractions of the substrate surface expressed by 
Eqs. (34) and (35). The difference is significantly higher for 
the progressive case owing to the fact that θf decreases with 
time faster than for the instantaneous nucleation.

The above-presented analysis was carried out for two 
limiting cases, i.e. for the instantaneous and the progressive 
nucleation, but the conclusions can be extended also to inter-
mediate cases, i.e. for moderate values of g. It follows that 
Eqs. (34) and (35) predict the reduction of the deposit-free 
substrate area which is too fast as to be attributed to the dis-
cussed model of the growth of the 3D hemispherical nuclei. 
In fact, both these equations give the rate of θx

f decrease 
the same as the rate of the θh increase. This seems to be 
possible when the area of the base of the nucleus grows sig-
nificantly faster than its height, i.e. when the lateral growth 
of the nuclei becomes faster at the expense of the vertical 
growth. This can be considered as quasi 2D growth when the 
deposit free fraction of the substrate surface is reduced sig-
nificantly faster than for 3D nuclei growth under conditions 
of the same lateral and vertical rates. It is worth to note here 
that the Cottrell equation, which approximates descending 
section of the Idep profile at a sufficiently long time (Eq. (3) 
and inset in Fig. 1), does not imply any constraints related 
to the shape of the growing nuclei. Thus, the same Eq. (3) 
may describe diffusion limited growth of 3D as well as 2D 
nuclei. This is in contrast to the short deposition time when 
the ascending section of the Idep curve is expressed by equa-
tions derived exclusively for the growth of 3D hemispheres 
(Eqs. (1), (2)). Thus, 2D growth of the nuclei and a layer-by-
layer formation of the deposit, which may take place after 
complete merging of the “diffusion zones”, would result in 

Fig. 8   Deposit-free fraction of the substrate surface area for various 
methods of θx

f determination. Left panel – instantaneous nucleation: 
θVI

f: Eq. (34) combined with Eq. (9); θVII
f: Eq. (35) combined with Eq. 

(9). Right panel: progressive nucleation: θVI
f: Eq. (34) combined with 

Eq. (26); θVII
f: Eq. (35) combined with Eq. (26). θ''f and θV

f taken from 
Fig. 5. Table 1 collects parameters used in the calculations. Note axis 
break for the θx

f coordinate

Fig. 9   Total currents due to the electrodeposition and the other faradaic 
reaction, Itot, calculated using Eq. (32) and respective θx

f values taken 
from Fig. 5. Left panel: instantaneous nucleation, right panel: progres-
sive nucleation. Insets: magnification for short time. The parameters 
used in the calculations are collected in Table 1
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a decrease in the deposit-free substrate area which is faster 
than that predicted for the discussed 3D growth regime. 
Consequently, the Iother would also decay respectively faster. 
It is likely that these effects may be properly mirrored by 
application of equations similar to Eq. (34) or (35). This, 
however, requires a transition of the nuclei growth kinet-
ics from 3D mode to 2D regime at a sufficiently long time. 
Existence of 3D-2D and 2D-3D transitions was confirmed 
experimentally for the electrochemical nucleation and 
growth in several systems [122–129]. Experimental results 
also confirm that the progress in the electrodeposition leads 
to changes in the shape of the growing nuclei [130, 131] and 
may result in a deviation from 3D growth of hemispherical 
nuclei [83]. At this stage, however, it is difficult to evaluate 
if these are indeed common phenomena. It is worth to note 
that a model of crystal growth controlled by kinetics [51, 
132] predicts a decrease in θf according to exp(-t2) or exp 
(-t3) laws. Such changes in the deposit-free substrate area are 
also significantly faster than those given by Eqs. (21) and 
(23). Therefore, it is extremely important to evaluate proper 
shape and law of the nuclei growth, e.g. determination of 
whether 2D or 3D species exist [25, 133]. Nevertheless, it 
may be suggested that an analysis of the currents due to 
reactions which occur at the deposit-free section of the sub-
strate surface can be used as a tool in studies on the nuclei 
formation and growth.

It can be concluded that a proper analysis of currents 
containing contributions from electrodeposition and other 
faradaic reactions taking place at the deposit-free section of 
the substrate surface requires careful determination of the 
radii of the deposited nuclei. This, in turn, calls for a very 
careful calculation of the electrode surface coverage with 
the deposit. Otherwise, the applied model may not provide 
correct mathematical description of the deposition process 
and may be inconsistent with the experimental observations.

Conclusions

A well-established mathematical model of diffusion limited 
nucleation and growth of a deposit consisting of isolated 3D 
hemispherical nuclei [1, 2, 16, 17] has been re-analysed. The 
aim was to determine time evolution of the deposit-free frac-
tion of the substrate surface area for both instantaneous and 
progressive modes of the nucleation. A classical description 
of this model includes idea of “diffusion zones” which sur-
round the growing nuclei. The mathematical analysis starts 
with determination of mass fluxes which supply individual 
isolated nuclei through a linear semi-infinite diffusion and 
for a planar geometry. This allows calculating average radius 
of the growing nuclei and, consequently, surface coverage of 
the substrate with the growing deposit. Knowing the latter, 

one may determine currents due to faradaic reactions which 
take place at the deposit-free section of the substrate sur-
face and which are parallel to the electrodeposition process. 
Such simulated total currents containing contributions from 
these reactions are compared with those predicted by other 
approaches published in the literature so far. Differences 
between results provided by these methods are outlined in 
the text. It follows that any analysis of the currents due to 
faradaic reactions taking place at the deposit-free section of 
the substrate surface requires careful determination of the 
radii of the growing nuclei. This, in turn, indicates a need 
for proper evaluation of geometry of the nuclei and, conse-
quently, their growth mode.

List of Symbols  a:  Parameter in Eq. (1) [(units of area)·(units of 
time)−1]; A: Surface area of the electrode (substrate) [units of area]. 
It is assumed that the geometrical and real surface areas are equal 
(surface roughness = 1).; Ah: Surface area of a hemispherical nucleus 
exposed to the electrolyte [units of area] (Eq. (2)); AN: Area of a plane 
across which the diffusion flux supplies single isolated nucleus at t > tm 
[units of area]; Ap: Average area of the “diffusion zones” [units of area] 
(Eq. (2)); B: Parameter in Eq. (18) [(units of mass)·(units of time)−1/2]; 
b: Parameter in Eq. (4) [(units of area)·(units of time)−1]; c: Molar 
concentration of the electroactive species in the bulk of the electrolyte 
[(mol)·(units of volume) −1]; D: The diffusion coefficient of the elec-
troactive species [(units of area) ·(units of time) −1]; E:  “Expectation 
number” Eqs. (7) and (22); F: Faraday constant [96,485.33 C·(mol)−1]; 
g: Nucleation rate [(units of time)−1]; Idep: Deposition current [units of  
electric current]; I'dep: Electrodeposition current calculated using Eq. 
(12) [units of electric current]; Iother: Electric current due to other than 
the electrodeposition faradaic reaction which takes place at the deposit-
free section of the electrode area [units of electric current]; Itot: Total 
electric current calculated using Eq. (32) [units of electric current]; 
jother: Current density of a faradaic reaction other than the electrodepo-
sition [(units of electric current)·(units of area)−1]; Jp: Planar linear 
diffusion flux [(mol)·(units of time) −1·(units of area) −1] (Eq. (S5b)); 
Js: Spherical diffusion flux [(mol)·(units of time) −1·(units of area) −1] 
(Eq. (S2b)); k: Parameter in Eq. (19) [(units of length)3]; m: Mass of 
the nucleus [units of mass]; M: Molar mass of the deposited species 
[g·(mol)−1]; N: Surface density of nuclei per surface area unit at a given  
time [(units of area)−1]; N0: Maximum surface density of the nuclei per sur- 
face area unit [(units of area)−1]; Q: Electric charge from integration of  
Idep for the instantaneous nucleation [units of electric charge]; Q': Elec-
tric charge from integration of Idep for the progressive nucleation [units 
of electric charge]; r'h: Average nucleus radius calculated using Eq. (1) 
[units of length]; r''h: Average nucleus radius calculated using Eq. (15) 
[units of length]; r'''h: Average nucleus radius calculated using Eq. (19) 
[units of length]; rIV

h: Average radius of nuclei born within a given time 
window (Eq. (30)) [units of length]; rV

h: Average nucleus radius cal-
culated for nuclei of all ages existing at given time (Eq. (31)) [units of 
length]; rh: Average radius of a nucleus calculated using Eq. (11) [units 
of length]; rp: Average radius of a “diffusion zone” calculated with 
Eq. (4) [units of length]; S(t): Surface area of the growing deposit (Eq. 
(33)); t: Time counted from the start of the deposition process [units of 
time]; tm: Deposition time required to completely merge the “diffusion 
zones” [units of time]; V: Volume of the hemispherical nucleus [(units 
of volume)]; V0: Volume of the hemispherical nucleus formed between 
t = 0 and t = tm (Eq. (18)) [(units of volume)]; z: Number of electrons 
exchanged in the faradaic reaction; Δt: Time window used in analysis 
of the progressive nucleation (Eqs. (30), (31)) [time units]; θd: Elec-
trode surface coverage with “diffusion zones” (Eq. (9)); θ'd: Fraction 
of the electrode (substrate) coverage with the “diffusion zones” across 
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which the diffusion flux supplies single isolated nucleus (Eq. (12)); 
θf: Deposit-free fraction of the electrode (substrate) surface calculated 
using Eqs. (20) and (24); θ''f: Deposit-free fraction of the electrode 
(substrate) surface calculated using Eqs. (21) and (24); θ'''f: Deposit-
free fraction of the electrode (substrate) surface calculated using Eqs. 
(23) and (24); θIV

f: Deposit-free fraction of the electrode (substrate) for 
progressive nucleation without correction for the nuclei overlap, calcu-
lated according to “Progressive Nucleation” section; θV

f: Deposit-free 
fraction of the electrode (substrate) for progressive nucleation corrected 
for the nuclei overlap, calculated according to “Progressive Nucleation” 
section; θVI

f: Deposit-free fraction of the electrode (substrate) surface 
calculated using Eq. (34); θVII

f: Deposit-free fraction of the electrode 
(substrate) surface calculated using Eq. (35); θx

f: General designation 
for the deposit-free fraction of the electrode (substrate) surface for 
various calculation methods; θh: Electrode (substrate) surface coverage 
with the deposit calculated using Eq. (20); θ''h: Electrode (substrate) 
surface coverage with the deposit calculated using Eq. (21); θ'''h: Elec-
trode (substrate) surface coverage with the deposit calculated using 
Eq. (23); θx

h: General designation for the electrode (substrate) surface 
coverage with the deposit for various calculation methods; ρ: Density 
of the deposited species [g·(units of volume)−1].
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